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Abstract— In this paper, we introduce and study a new subclass of multivalent functions with negative coefficients in the unit
disc. By giving specific values of we obtain important classes studied by various researchers in earlier work. The result presented
by here included coefficient estimates. of several functions belonging to this class.
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I. INTRODUCTION

Let A denote the class of functions of the form

f(z)=2"+> a,,,2""
n=2 , (1.1)

=17 1Z1<1
which are analytic in the unit disc v { eC | | }

n.
Let D" be the Salagean operator [9] See also [10] D:A—>AneN

D° (2)=f (2)

' defined as-

D' f(2)=D f(z)=zf'(2)

D" f(z)=D (D" f(2))
(neN,=NuU {0})
Given two functions f(2), 9(z) e A where f(2) is given by (1.1) and g (2) is defined by-

9(0) =2" + X a2
n=2 (1.2)

(f * g)(Z) = Zp +iak+p—lbk+p—lzk+p_l
n=2

o0 k .
¢ (Z) = Zp +Zﬂ”k+p—lz o
Again, let n=2
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w(z)=2"+ Z/le+p—lzk+p71
And n=2

= , > > >
Analytic in v {Z =C:z| <1} with Aceps 200t ipr> 0 and Aceps Z Hiceps

We note that-

o0

(fg)(@2)=2"+D (k+p-1)"a,, 2"

n=2 (1.3)
(f*y)(2)=2"+ i(k +p-1) 7Y A
n=2 (1.4)

Using the binomial expansion on (1.3) and (1.4), we have the following-

}/(Z) =17 P + Zaker—l(ﬂ) 2’k+p—1 (ﬂ) Zk+p+ﬂ72
n=2 (L5)

1@ =242 81 (B) s (B2

(1.6)
Where ﬂ’k+p—l (ﬂ)v ,le+p_1 (ﬁ), ak+p—1 (ﬁ)

A
are coefficients L’ Hkrp-1

Enn(7.7:AB,a,p)

a
k+P-1 are respectively depending B.

A function f (Z) €A

is said to be in the class if and only if

D"y (z) <(1_0[)1+ Az

D" (2) 1487~

1.7

Where < denote the subordination, where A and B are arbitrary fixed numbers, —1<B<Asl-1<B< O. In other

; = w(z)<1
words F@)e Em'”(y'n’A’ B’Ol’ﬁ)iff there exists an analytic function w (Z) satisfies W(O)— 0 and | ( )| for
zeU gych that

D"y (z) (- 1+ Aw(z)

. a

D" (z) 1+Bw(2) L8)
This is equivalent to-

‘DHL(Z)—l‘ <|(A-B)1-a)- B(DnL(Z)— j zeU

10 o' (2 .

Let 7 denote the subclass of A whose elements can be expressed in the form-

0 .
f(z)=2°-> a,,,.2"""a,,, >0,
n=2

We shall denote by Em,n(}/,n; AB, a,ﬁ) Em,n(%?? ;AB,a,p)

, the subclass of functions in that have their non-zero

Coefficient from second onwards, all negative, thus, we have-

Enn(7.7:A B2, B)=E, (r.7:AB,a,f)"T
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By giving a specific values of 7.1 A B, a and g we obtain imported classes studied by various researchers in earlier
works (see [2], [3], [5], [6], [71, [11], [12]).

E 'AB
In view of this remark we see that a study of the class ™" (7’ B ﬂ)

subclasses of multivalent function.

2. COEFFICIENT INEQUALITIES

leads to unified results on properties of various

In this section, we give some result for the class. Our first result is contained in the following theorem.

f(2)eA

Theorem 2.1 If satisfies

i {a=p) [(0B)" = (pB)" + (k+ p+ =2)" Ay (B) —(k+ P+ B—2) t1 1 (B) ]

k=2

+(A=B) W-a)k+ P+ 5-2)" tps (B)]]a1sps ()| <(A-B)(1-) B,

(21)
For some ﬂ'k*'P*l (ﬁ)Z 0, Hyipa (ﬁ)Z 0, /lk+p—l (ﬁ)zﬂmp,l (ﬂ)y OK(OS (04 <1),ﬁ,meN
and NE N, then f(z)e Em'n(y,n;A,B,a,,B)
Proof Let condition (2.1) holds, then we have
D" 7(2)-D" 5 (2)|-|(A-B)(L-2)D"7 (2)-B[D" ¥ (2)- D" 7 (2)]|
()" 2 4 X (k+ =28y (B) s (D272 = [(p ) 27
#4201 () sy 1 ()22 ]| (A-B)a- ) [(p B)" 2
+§(k P+ =28y (B) iy (D) 2772 B(pA)" 2
3 Pt =22y (B) g ()22 [(pB) 2
3 P+ A=2) 80 (B) i a(9)2 ]
=[e7 (08) ~(08) J+ 2+ 0+ =221 (9~ 0+ 2] s (B s (B2
|(A B)( )(pﬂ) ( Xi k+ p+ﬂ 2 ak+p l(ﬂ) /uk+p l(ﬂ) Zk+p+ﬁ 2‘
—B{z"” (po)" ~(pB) e XLk =220y s (B) =kt P+ p=2) by a() ]ak+p_1(ﬂ)z“p+“}
<[4” (p8)" - (pp) )ﬁ[(k #p+B-2"Ahps (B) ~k+ D+ -2 fpa(B) Ja (B2
- (A-B)L-a)(p ) [{" +(A Z Kt p+ B2V ps (B) trpa (B2 "
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" (02)" (08} ks 9 =2y () = 04 5= () oy ) f

k=2

<[a-B)(pB)" = (pp) 1+ S llk + p+ B=2)" A4 (B) —(k+ D+ B=2) try.y 1 (B)

=2

~

+(A-B)L-a)x Y (k+p+8-2)" uy,pa(B)]

s

3,1 (B) - (A-B)(1-a)(pB)

k

I
N

[@-B)(pB)" - (pB)" +(k+ P+ B=2)"Ay,, 1 (B) —(k+ p+ B=2) xp1., +(B))

Ms

+ impw 2)" trp s (B) X[ar s (B~ (A-B)L-a)(pp)" <

This completes the proof theorem (2.1)

Theorem 2.2 Let f(2)ez (as defined above) F(2)e Em,n(}/,n; AB.a, ) iFf

> [-8)(p8)" ~(08) ) =B 0+ =22y (B) ~(k 4 D+ 52 by (8]
+A- B)(l—a)(k +p+ A2 sy 2 (B) ., (B) < (A-B)A-a)(pA)

ﬂ’k+p—1 (ﬂ)ZO, /uk+p—1 (ﬂ)201 ﬂ’k-*—p—l (ﬁ)zlump—l (ﬁ)1 a(OSa <1),ﬁ,m€N

For some
and M€ N,
Proof Since B3 A Byt f) B (7,77 A B, B), we only to prove the only part of the theorem for function
f(2) €7, e can write
‘ D"y(z) ,
D"y (2) i

(- ole-e)-{ 307

= (6a) - 6o))s 2[“ 0+ =2) Ay s (B) ~( 0+ =2 iy s () (B2
) (A-B)Ji-a)(pp)'z” + XZ (k+p+B-2) a1 (B) th (B2 P

_B{((pﬁ y'-(es) )+:§[(k s P+ B2 hpr (B) kPt B=2) tya(B) ]aw(ﬁ)z““ﬂz}
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[Z”ﬁ pB)" +Z._o: (k+p+8-2)"2. 1 (B ak+p1(/?)zk””ﬂ2}—[(pﬂ)”zpﬁ

+Z (k+p+8-2) s (B, (B) 27 7]

(A_ B)(l—a)[(plg)”z ” +§:(k + p+ﬁ_2)nak+p—l (IB) ;uk+p—1(ﬂ)zk+p+ﬁ72]

—[B(pﬂ)”‘ 2 4 (k4 P+ =2 2y () Byepa(B) z““ﬂ*} +B|(pp) 2"

> [(k + p+ﬂ_2)" :uk+p—1(ﬁ)ak+p—l(ﬁ)Zk+p+ﬂ72]

k=2

Zpﬂ«pﬂ) )Z[k"'p"'ﬂ 2) Aipa (B) = (k"'p"'ﬂ 2) /’lk+p1(ﬂ)]ak+pl(ﬂ)zk+p+ﬁ2

(A-B)1-a)(pp)'z” +(A-B)l-a) i Kt Pt B=2) a1 (B) tysyr(B) 2P

~B{(pA)" = (pA) )27 + [+ P+ -2 s ()~ (kP =2 iy s (D1 (B) 2

k=2

(08" ~(08) )+ Sl 052"y (8) ~(k 0+ 52 sty By (B2

(05) (A=) +(A=BYA-) (kD A28y (B) ey s (B2

~Bl(pA)" -~ (pA) )2 + 2K+ P p-2) s ()~ (kP B2 s (B a ()2

Re(z)<|z], vz eU,

((po)" = (pY )+ Xt Pt =2 2y (B) = kot D+ B =2) sty s ()]s (B 2772
(pB)' (A-B)l-a)-(A-B)i-a)
ik+p+ﬂ 22y (B) thep2 (B2 4B[(pB)" - (pB)'

i(k-ﬁ- p+ﬂ 2 k+p—l(ﬂ) (k+ p+ﬂ 2) ﬂk+p-1(ﬁ))ak+p_l(ﬂ)2k+p+ﬂ 2- pﬂ]<l

k=2
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If we choose z real and letting z—>1, we have
=08 (0 Je T+ 42 () (b5 0+ B =2) by s (B (B)

<(pA) (A-B)i-a)-(A-B)i-a) ik+p+/3 23,1 (8) H.p 1)

+B|(pB) = (08) + Xk + p+ B-2"Ass 1 (B) —(k+ P+ B=2) the1(B)) 2.y (B)]

0
k=2

i(l— B)(pB)" —(pB) +(k+p+B—2 Arps (B) —(k+ P+ B=2) sty 1(B)|ar.s 1 ()

+(A-B)l-a §k+p+ﬂ 2)'a 01 (B) Hps(B) < (A-B)1-a) (pB)

We can written as
=3 1-8M(pB) ~(08) )+ 0Bk 822 )b D52 (8
+(A-B)1-a) (k+ p+ -2 sy 1 ()i () <(A-B)1-a) (pB)

To prove our next result, we shall need the following theorem.

f(2)er f(Z)eEm]n(y,n;A,B,a, )

as defined above and then,

. (A-B)i-a) (pg)'
L-B)|(pB)" ~(pB) +(k+ p+ B2 A,ps (B)
(k4 p+B-2) iy (A (A-BYL-a) (k+ p+ B=2) tpa (D)

f(2)eE,,(r.7:A B, )

Corollary 2.1 Let

ak+p—1 (IB) <

Proof Since

_ (A-B)i-a) (pB)'
1-B)|(pB)" ~(pB) +(k+ p+ B2 4.ps (B)
(ke p+B-2)" 1 (A (A-BYL-a) (k+ p+ B-2) s, 1 (B)

This completes the proof.

ak+p—1 (IB)‘ <

3 Extreme points of the class

Em,n(y’n;A’B'a’ )

2)ez’
Theorem 3.1 p( )&

(A_ B)(l—OC) (pﬂ)n K+ p+4-2
fk+ -1 P — I m o o P
O oAy —(0B) + kP -2V A (B) i
~(k+p+B-2)" 11 (B)|+ (A-BYL—a) (k+ p+B-2) 1., 1 (B)
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For some ﬂ'k+p—1 (ﬂ)zo’ /uk+p—1 (ﬂ)zov ﬁ'k-*.p_l (ﬂ)zﬂk-}-p—l (ﬂ)! 0{(0S a <1)’ mENo

and 'BEN

Then f(2)e Em'”(y'n' A B, a,ﬂ) iff it can be expressed in the form

f (Z) :Z5k+p—l fk+p—1 (Z)
k=2

25k+p—l = 1

o >0
Where =~ k+p-1 and k=L

Proof Suppose that-

f (Z) :Zé‘kw—l fk+p71 (Z)
k=1

o0

= fp (Z) - Z§k+p—l fk+p—1 (Z)

e ) Spa (A=B)L-a) (pB)
@-B)(pB)" —(pB) +(k+ p+ 2" A.ps (B)
~(k+p+B-2)" thy B+ (A-BYL-a) (k+ p+ B-2) t1., 2 (B)

Then from Theorem 2.2, we have-

K+p+p-2

o0

> {a-8)(pa)" —(pBY +(k+ p+ B—2)"A., (B)

k=2

—(k+ P+ -2)" sy s (B)+ (A=BYL=) (k+ P+ 5-2)" 1ty (B)

% ) 5k+p—l (A_ B)(l_a) (pﬁ)n
L-B)|(pB)" —(pB) +(k+ p+5-2)" A ps (B)
—(k+p+B-2)" ey B+ (A=BYL=a) (k+ p+ S —2) 41y, 2 ()

—(A-BY1-a) (pB) Y6\ pa

= (A-B)-a) (pB)' (1-5,)<(A-B)(1-a) (pA)’

- H(2)eE,,(r.niABa.f)

=~

The by Theorem 2.2

f(2)eE,,(r.7:A B, B)

Conversely, suppose that

Since.
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_ (A-B)i-a) (pB)'

(1-B){(pA)" ~(pB) +(k+ P+ -2 4, (B)

(k+ P+ B-2)" thyp (B]+(A-BYL-a) (k+ P+ A2 4,1(B)
_ (A-B)i-a) (pB)'

1-B)(pA)" ~(pB) +(k+p+5-2)" 2., ()

(k+ P+ B-2) thps (D] (A-BYL—) (k+ P+ f=2) s ()

a‘k+p—1 (ﬂ) <

‘ak+p—1 (ﬂ)‘ <

We say that -

0-8)|(pB)" - (pB) +(k+ p+ B-2)" 4., . (B)
< _(k + p+ﬁ_2)n :uk+p71(18)]+(A_ B)(l_a) (k+ p+ﬁ_2)n:uk+p—1(ﬁ)

0

e (A-B)L-a) (pA)
(BeN,k=234.
51:1_25“;)71
and k=2
f (Z)= z° _Z5k+p—l fk+p—1 (Z)
Then k=2

This complete the proof of the theorem

Corollary 3.1 Extreme points of the class

f,(2)ez’

. (A-B)1-a) (pB)"
~B)|(pB)" —(pB) +(k+p+B-2)" 4,4 (B)
~(ktp+B-2)" sty (B (A=BYL-a) (k+ p+B-2) 1,1 (B)

ﬂ’k+pfl (ﬁ)ZO, :uk+p—l (ﬂ)201 ﬁ“k+p—l (ﬂ)zﬂk+pfl (ﬂ)! 0{(0S a <1)’ mENO

k+p+p-2

fk+pfl(z)ezp - (1 YA

For some

g BEN k=234
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