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I. INTRODUCTION 
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Using the binomial expansion on (1.3) and (1.4), we have the following- 
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Where 
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( )
( )

( )( )
( )
( )

Uz
zD

zD
BBA

zD

zD
n

m

n

m









−−−−− ,111










                                                                     (1.9) 

Let  denote the subclass of A  whose elements can be expressed in the form- 
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By giving a specific values of 
 ,,,, BA

 and 
,

 we obtain imported classes studied by various researchers in earlier 

works (see [2], [3], [5], [6], [7], [11], [12]). 

In view of this remark we see that a study of the class 
( ) ,,,;,

~
, BAE nm leads to unified results on properties of various 

subclasses of multivalent function.  

2. COEFFICIENT INEQUALITIES 

In this section, we give some result for the class. Our first result is contained in the following theorem. 
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 If we choose z real and letting 
,1 −→z

 we have 

( ) ( )( ) ( ) ( ) 

( ) ( )( ) ( )( ) ( )

( ) ( ) ( )( ( ) ) )()(2)(2

)()(211

)()(2)(2

111

2

11

2

111

2







−+−+−+



=

−+−+



=

−+−+−+



=

−++−−+++−+

−++−−−−−

−++−−+++−=







pkpk

n

pk

k

mnm

pkpk

k

nn

pkpk

n

pk

k

mnm

apkpkppB

apkBABAp

apkpkpp

 

( ) ( ) ( ) ( ) ( ) 

( )( ) ( ) ( )( ) ( )n

pkpk

k

n

pkpk

n

pk

k

mnm

pBAapkBA

apkpkppB





−−−++−−+

−++−−+++−−=

−+−+



=

−+−+−+



=





1)()(21

)()(2)(21

11

2

111

2

 

We can written as 

( ) ( ) ( )( ) ( ) ( ) ( )

( )( ) ( )  ( )( ) ( )n

pkpk

n

pk

n

pk

k

mnm

pBAapkBA

pkpkBppB





−−−++−−+

−++−−++−+−−=

−+−+

−+−+



=



1)()(21

)(2)(211

11

11

2

 

To prove our next result, we shall need the following theorem. 

Corollary 2.1 Let 
)(zf

as defined above and 
( ) ,,,;,

~
)( , BAEzf nm

then,  

( )( ) ( )

( ) ( ) ( ) ( )

( )  ( )( ) ( ) )(21)(2

)(21

1
)(

11

1

1








−+−+

−+

−+

−++−−+−++−

−+++−−

−−


pk

n

pk

n

pk

mnm

n

pk

pkBApk

pkppB

pBA
a

 

Proof Since 
( ) ,,,;,

~
)( , BAEzf nm

 

( )( ) ( )

( ) ( ) ( ) ( )

( )  ( )( ) ( ) )(21)(2

)(21

1
)(

11

1

1








−+−+

−+

−+

−++−−+−++−

−+++−−

−−


pk

n

pk

n

pk

mnm

n

pk

pkBApk

pkppB

pBA
a

 

This completes the proof. 

3 Extreme points of the class  

( ) ,,,;,
~

, BAE nm  

Theorem 3.1

p

p zzf )(
 

( )( ) ( )

( ) ( ) ( ) ( )

( )  ( )( ) ( )

2

11

1

1

)(21)(2

)(21

1
)( −++

−+−+

−+

−+

−++−−+−++−

−+++−−

−−
− 





 pk

pk

n

pk

n

pk

mnm

n

p

pk z

pkBApk

pkppB

pBA
zzf

 

http://www.ijsssr.com/


                                          [Vol-1, Issue-2, July-September 2023] 

International Journal of Science and Social Science Research [IJSSSR]                                     ISSN: 2583-7877 

www.ijsssr.com                                                                                                                                                                Page  168  

For some 01111 ,)10(,)()(,0)(,0)( Nmpkpkpkpk  −+−+−+−+ 
 

and 
N

 

................4,3,2=k
 

Then 
( ) ,,,;,

~
)( , BAEzf nm

 iff it can be expressed in the form  

)()( 1

2

1 zfzf pk

k

pk −+



=

−+= 
 

Where 
01 −+ pk  and 

1
1

1 =


=

−+

k

pk
 

Proof Suppose that- 

)()( 1

1

1 zfzf pk

k

pk −+



=

−+= 
 

)()( 1

1

1 zfzf pk

k

pkp −+



=

−+−= 
 

( )( ) ( )

( ) ( ) ( ) ( )

( )  ( )( ) ( )

2

11

1

1

)(21)(2

)(21

1
−++

−+−+

−+

−+

−++−−+−++−

−+++−−

−−
−= 






pk

pk

n

pk

n

pk

mnm

n

pkp z

pkBApk

pkppB

pBA
z

 

Then from Theorem 2.2, we have- 

( ) ( ) ( )( ( )

( ) ) ( )( ) ( )

( )( ) ( )

( ) ( ) ( ) ( )

( )  ( )( ) ( ) 












−++−−+−++−

−+++−−

−−


−++−−+−++−

−+++−−

−+−+

−+

−+

−+−+

−+



=



)(21)(2

)(21

1

)(21)(2

)(21

11

1

1

11

1

2











pk

n

pk

n

pk

mnm

n

pk

pk

n

pk

n

pk

m

k

nm

pkBApk

pkppB

pBA

pkBApk

pkppB

 

( )( ) ( ) 


=

−+−−=
2

11
k

pk

n
pBA 

 

( )( ) ( ) ( ) ( )( ) ( )n

p

n
pBApBA  −−−−−= 111

 

Then 
( ) ,,,;,

~
)( , BAEzf nm

 by Theorem 2.2 

Conversely, suppose that 
( ) ,,,;,

~
)( , BAEzf nm

 

Since.  

http://www.ijsssr.com/


                                          [Vol-1, Issue-2, July-September 2023] 

International Journal of Science and Social Science Research [IJSSSR]                                     ISSN: 2583-7877 

www.ijsssr.com                                                                                                                                                                Page  169  

( )( ) ( )

( ) ( ) ( ) ( )

( )  ( )( ) ( ) )(21)(2

)(21

1
)(

11

1

1








−+−+

−+

−+

−++−−+−++−

−+++−−

−−


pk

n

pk

n

pk

mnm

n

pk

pkBApk

pkppB

pBA
a

 

( )( ) ( )

( ) ( ) ( ) ( )

( )  ( )( ) ( ) )(21)(2

)(21

1
)(

11

1

1








−+−+

−+

−+

−++−−+−++−

−+++−−

−−


pk

n

pk

n

pk

mnm

n

pk

pkBApk

pkppB

pBA
a

 

We say that -  

( ) ( ) ( ) ( )

( )  ( )( ) ( )

( )( ) ( )n

pk

n

pk

n

pk

mnm

pk
pBA

pkBApk

pkppB








−−

−++−−+−++−

−+++−−


−+−+

−+

−+
1

)(21)(2

)(21

11

1

1

 

.......4,3,2,( = kN
 

and 



=

−+−=
2

11 1
k

pk
 

Then 

)()( 1

2

1 zfzzf pk

k

pk

p

−+



=

−+−= 
 

This complete the proof of the theorem 

Corollary 3.1 Extreme points of the class 

p

p zzf )(
 

( )( ) ( )

( ) ( ) ( ) ( )

( )  ( )( ) ( )

2

11

1

1

)(21)(2

)(21

1
)( −++

−+−+

−+

−+

−++−−+−++−

−+++−−

−−
− 





 pk

pk

n

pk

n

pk

mnm

n

p

pk z

pkBApk

pkppB

pBA
zzf

 

For some 01111 ,)10(,)()(,0)(,0)( Nmpkpkpkpk  −+−+−+−+ 
 

and 
N

, 
................4,3,2=k

 

 

REFERENCES 

1. Al-Oboudi, F.M.,(2004), On univalent functions defined by a generalized Salagean operator, Int. J. Math. Math. Sci., 

25-28, 1429-1436. 

2. Dixit, K.K.(2013), Porwal, S. and Ghai S. K., On subclasses of Multivalent functions with negative coefficients defined 

by Generalized Salagean operator, Journal of Rajasthan Academy of Physical Sciences, pp 151-166 

3. Murugusundaramoorthy, G.(1994), Studies on Classes of Analytic function with Negative Coefficient, Ph.D.Thesis, 

University of Madras, India. 

4. Pathak, A. L. (2004), A Study of Univalent and Related Functions, Ph.D. Thesis, C.S.J.M. University, Kanpur, India. 

5. Porwal, S., Dixit, P.and Kumar, V., (2011), On a certain class of Harmonic Multivalent functions, J. Nonlinear Sci. 

Appl. 4 (2), 170–179. 

http://www.ijsssr.com/


                                          [Vol-1, Issue-2, July-September 2023] 

International Journal of Science and Social Science Research [IJSSSR]                                     ISSN: 2583-7877 

www.ijsssr.com                                                                                                                                                                Page  170  

6. Ramadhan, A. M. and Al-zaidi, N. A. J. (2022), New class of Multivalent function with negative coefficients, Earthline 

J. of Math. Sci. 10(2), 271-288. 

7. Robertson, M. S. (1936), On the theory of Univalent Functions, Annals Math., 37,374408. 

8. Ronning, F. (1993), Uniformly convex Functions and a corresponding class of Starlike Functions, Proc. Amer. Math. 

Soc. 118 (1),189-196. 

9. Salagean, G.S., (1983), Subclass of univalent functions, Lecture Notes in Math. Springer Verlag, 1013, pp.362-372. 

10. Salagean, G.S., Hossen, H.M., and Salagean, M.K.,(2004), On certain class of p-valent functions with negative 

coefficients. II, Studia Univ. Babes-Bolyai, 69(1) pp. 77-85. 

11. Schild, A. and Silverman, H. (1975), Convolution of Univalent function with Negative Coefficient, Ann. Univ. Marie-

Curie-Sklodowska 29, 99-107 

12. Silverman, H. (1975), Univalent function with Negative Coefficient, Proc.Amer.Math.Soc.51, 109-116. 

 

 

http://www.ijsssr.com/

